We consider a family of two-point quadrature formulae, using some Euler-type identities. A number of inequalities, for functions whose derivatives are either functions of bounded variation, Lipschitzian functions or fl-integrable functions, are proved.
Introduction
In the recent paper [5] the following two identities, named the extended Euler formulae, have been proved. For n > 1 and every x e [0, 1] For some further details on the Bernoulli polynomials and the Bernoulli numbers see for example [1] or [2] . We have that B£(/) = 1 and B*(t) is a discontinuous function with a jump of -1 at each integer. It follows that B k (\) = B k (0) = B k for k > 2, so that B k (/) are continuous functions for k > 2. We get B* k '(t) = kB* k _ l (t), * > 1 , (1.4) for every t e K when k > 3, and for every t e K \ 1 when k = 1, 2. In this paper we study, for each real number* e [0, 1/2], the general two-point quadrature formula r (1.5) with E(f;x) being the remainder. This family of two-point quadrature formulae was considered by Guessab and Schmeisser in [14] and they established sharp estimates for the remainder under various regularity conditions. The aim of this paper is to establish a general two-point formula (1.5) using identities (1.1)-(1.2) and to give various error estimates for the quadrature rules based on such generalisations. In Section 2 we use the extended Euler formulae to obtain two new integral identities. We call them the general Euler two-point formulae. In Section 3, we prove a number of inequalities which give error estimates for the general Euler two-point formulae for functions whose derivatives are from the L p -spaces, thus we extend the results from [14] and we generalise the results from papers [6] [7] [8] 16] and [17] . These inequalities are generally sharp (in the case p = 1 the best possible). Special attention is devoted to the case where we have some boundary conditions and in some cases we compare our estimates with Fink's estimates ( [13, 14] ). [3] General Euler two-point formulae 557
-[f(x)+f(l-x)] + E(f;,x),
2. General Euler two-point formulae In the next theorem we establish two formulae which play a key role in this paper. We call them the general Euler two-point formulae. 
1,
<x;
< 1 -J C ;
< t < 1. We now will prove some properties of the functions G x k (t) and F£(t) defined above. The Bernoulli polynomials are symmetric with respect to 1/2, (see [1] ), that is, 
Further, the points 0 and 1 are the zeros of
As we shall see below, 0 and 1 are the only zeros of Flj(t) for; > 2 andx e [0, 1/2 -1 / 2^ U (1/2V3, 1/2]. Next, setting / = 1/2 [5] General Euler two-point formulae 559
in (2.8) we get B k (l/2) = (-l)*B*(l/2), k > 1, which implies that fly., (1/2) = 0, j > 1. Using the above formulae, we get F£_,(l/2) = G 
PROOF. AS the functions B* k (t) are periodic with period 1 and continuous fork > 2, similar to [6, 8, 16] and [17] we get these two identities.
Note that the identities established in Lemma 2.2 are valid for k = 1, too, except at the points x and 1 -x of discontinuity of F x (t) = G\(t). 
PROOF. For it = 2, G3 (r) is given by (2.7) and it is easy to see that for 0 < / < 1/2, G x (t) < 0, x 6 [0,1/2 -1/2V3) and G^(r) > 0, x e (1/2^3, 1/2]. Thus our assertion is true for k = 2. Now, using a simple induction similar to that in [6, 8, 16] and [17] we prove that G^_,(r) cannot have a zero inside the interval (0, 1/2). To determine the sign of G^_,(r), note that G 
(t) are strictly decreasing on the interval (1/2, 1). The proof of the second statement is similar. Further, 2*(0) = F 2k (l) = 0, which implies that 1^(01 achieves its maximum at
which completes the proof. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009676 [7] General Euler two-point formulae 561
F^(t) does not change its sign on the interval (0, 1). Therefore using (2.9) we get
%{t)\dt = f F^(t)dt = I [G^W-Bu
Jo Jo = 1*2*001, which proves the second assertion. Finally, we use (2.9) again and the triangle inequality to obtain the third formula.
Inequalities related to the general Euler two-point formulae
In this section we use formulae established in Theorem 2.1 to prove a number of inequalities using L p norms for 1 < p < oo. These inequalities are generally sharp (in the case p = 1 the best possible). Special attention is devoted to the case where we have some boundary conditions and in some cases we compare our constants with the Fink constants ( [13, 14] ). The constants K(n, p,x) and K*(n,p,x) are sharp for 1 < p < oo and the best possible for p = 1.
PROOF. Applying the Holder inequality we have
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009676
J. PeSaric, I. Peric and A. Vukelic [8] Using the above inequality, from (2.3) we get estimate (3.1). In the same manner, from (2.2) we get estimate (3.2). Now, we consider the optimality of K(n, p,x). We shall find a function / such that is the best possible inequality. Suppose that |F*(t) \ attains its maximum at <b € (0, 1). First, we assume that F^(t 0 ) > 0. For £ small enough define//"""(O by
0, t < t 0 ; (t-to)/e, t e [to, to + s];
Then, for e small enough, (0), i = 1,..., k. Inequality (3.7) can be treated in the same way.
In the following we calculate the optimal constants in the cases p = 1, p = oo and p=2. [14] (see also [10] ). They also proved that this inequality is sharp for each admissible x. Equality is attained exactly in the case of equality in Theorem 3.1 where we put/'(f) = sgn F'(t). [14] . They also proved that these inequalities are sharp for each admissible x. 
f(t)dt-D(x)
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009676 J. PeCaric, I. Peric and A. Vukelid [14] and for each x e [1/2-/3, 1/2] we get
Jo ^ L J z Therefore, applying (3.1) with n = 3 and p = oo, we get the above inequalities. If in the first inequality in Corollary 3.6 we put k = 2 we get the same inequalities as in Corollary 3.6 when x is from the intervals [0, 1/2 -1/2V3) and (1/2V^, 1/2]. REMARK 7. If in Corollaries 3.3-3.6 and Remark 6 we choose x = 0, 1/2, 1/3 we get inequalities related to the trapezoid (see [3, 6, 12] ), the midpoint (see [4, 8, 11] ) and the two-point Newton-Cotes formulae (see [17] ), respectively. For x = 1/4 in Corollaries 3.3-3.6 we get inequalities related to the two-point Maclaurin formulae (see [10] ). where A = 2x, B = -2x + 1. Also, max{/l, B) = (A + fi + |A -5|)/2, so using this formula and applying (3.1) with n = 1 and p = 1 we get the above inequality.
REMARK 8. The inequality (3.11) has been proved by Dragomir in [9] . 
II" f(t)dt-D(x)
4;c - 16 (3-12) use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009676 2 . So using these two formulae and applying (3.1) with n = 2 and p = 1 we get inequalities (3.12) and (3.13). Therefore, applying (3.2) with n = 2 and p = 1, we get the above inequality. REMARK 9. We mention here that comparing the best possible constant from Guessab and Schmeisser in [14] in the case p = 1 and our constant, we conclude that inequality (3.5) is not generally best possible. Namely, our constant for boundary conditions/'(I) = / ' ( 0 ) , n = 2 and* = 0 is 1/12, while they have 1/16. '(01 = max [16] REMARK 11. If in Corollaries 3.7-3.10 and Remark 10 we choose* = 0, 1/2, 1/3 we get inequalities related to the trapezoid (see [3, 6, 12] ), the midpoint (see [4, 8, 11] ) and the two-point Newton-Cotes formulae (see [17] ), respectively. For* = 1/4 in Corollaries 3.7-3.10 we get inequalities related to the two-point Maclaurin formulae (see [9] ). Now, we calculate the optimal constant for p = 2. [14] also have l/(12\/3) which confirms the sharpness of our inequality in this case.
Finally, we give the values of the optimal constant for n = 1 and arbitrary p from Theorem 3.1.
In the following theorem we use (2.2) and a technical result from the recent paper [16] to obtain a Griiss-type inequality related to the general Euler two-point formula (see [16] where C n = (l/4(n!))/ 0 ' \G* n (t)\dt.
REMARK 16 . If in Theorem 3.12 we choose x = 0, 1/2, 1/3 we get inequalities related to the trapezoid, the midpoint and the two-point Newton-Cotes formulae (see [16] ). For x = 1/4 we get inequalities related to the two-point Maclaurin formulae.
Our final results are connected with the series expansion of a function in Bernoulli polynomials. 
